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Abstract
Let ϕ be Euler’s phi function. Let n be a square-free positive integer such that gcd(n,ϕ(n)) = q,
q a prime, and if p | n is prime, then q2  (p − 1). We prove that a vertex-transitive graph Γ of order n
is isomorphic to a Cayley graph of order n if and only if Aut(Γ ) contains a transitive solvable subgroup.
© 2008 Elsevier Inc. All rights reserved.
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We define a new class of graphs, which are natural generalizations of metacirculant graphs
(see Definition 1.23 for the definition of this class), and will call semimetacirculant graphs. We
show that for square-free integers n such that gcd(n,ϕ(n)) = q a prime, a vertex-transitive Γ of
order n is isomorphic to a semimetacirculant graph if and only if Aut(Γ ) contains a transitive
solvable subgroup (Corollary 4.2). We also show that there exist semimetacirculant graphs Γ of
order pqr , for suitable choices of p, q , and r distinct primes, that are not isomorphic to metacir-
culant graphs of order pqr (Theorem 4.12). As corollaries, we will make contributions to two
problems posed in the literature. Chronologically, the first problem was posed by Alspach and
Parsons [2]. They asked for necessary and sufficient conditions for a vertex-transitive graph Γ
to be isomorphic to an (m,n)-metacirculant graph. Let n be a square-free positive integer such
that gcd(n,ϕ(n)) = q a prime, but q2  (p − 1) for any prime p | (n/q). We will show that a
vertex-transitive graph Γ of order n is isomorphic to a (q,n/q)-metacirculant graph if and only
if Aut(Γ ) contains a transitive solvable subgroup (Corollary 4.6). We remark that for these values
of n, it was shown by Alspach and Parsons [2] that a (q,n/q)-metacirculant graph is necessarily
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tinct primes by Marušicˇ [18] (Marušicˇ characterized all (q,p)-metacirculant graphs) and when
n is a product of three distinct primes by Hassani, Iranmanesh, and Praeger [12]. Both of the
immediately preceding results use quite different terminology, which we will show is equivalent
to that used here (Theorem 1.9). We will also show that if n is a square-free integer such that
gcd(n,ϕ(n)) = q and there exists a prime p | n such that q | (p−1) but q  (r −1) for p = r | n a
prime, then a vertex-transitive graph of order n is isomorphic to a (q,n/q)-metacirculant graph if
and only if Aut(Γ ) contains a transitive solvable subgroup (Corollary 4.8), although these graphs
need not be Cayley graphs.
In 1983 Marušicˇ [17] asked for which values of n is every vertex-transitive graph of order n
a Cayley graph of n? Much work has been done on this problem recently, and for a complete
survey the reader is referred to [12]. In this paper, we will only be dealing with vertex-transitive
graphs whose automorphism group contains a transitive solvable subgroup, so we will present
a brief survey of results on the problem posed by Marušicˇ that pertain to such vertex-transitive
graphs. Let NC be the set of all non-Cayley numbers. That is, all positive integers n for which
there is a non-Cayley vertex-transitive graph of order n. In [19,20], McKay and Praeger have
shown that if n is divisible by p2 for some prime p, then n ∈ NC unless n = p2, p3, or 12.
In [21], it was shown that if n = 2pq with p = 2 = q distinct primes, then every vertex-transitive
graph of order 2pq that contains a solvable transitive subgroup is isomorphic to a Cayley graph if
and only if gcd(2pq,ϕ(2pq)) = 2 and p ≡ q ≡ 3 (mod 4). Generalizing a construction in [21],
Seress showed in [24], that if n = pqr a product of distinct primes with p < q < r , q | (p − 1)
and r | (q−1), then pqr ∈ NC. It had already been essentially shown by Alspach and Parsons [2]
that if p and q are distinct primes and q2 | (p − 1), then pq ∈ NC. We also note that if m ∈ NC,
then any multiple of m is in NC as if Γ is a non-Cayley vertex transitive graph of order m, then
the disjoint union of r copies of Γ is vertex-transitive and non-Cayley. Summarizing the results
stated so far, if n /∈ NC and n = p2, p3, or 12, then n is square free, there do not exist primes
p < q < r dividing n such that q | (p − 1) and q | (r − 1), and if q | n is prime, then q2  (p − 1)
for any prime p | n. If gcd(n,ϕ(n)) = 1, then it was shown by the author [5] that a vertex-
transitive graph Γ is isomorphic to a circulant graph (Cayley graph of Zn) of order n if and only
if Aut(Γ ) contains a transitive solvable subgroup. In this paper, we will show (Corollary 4.8)
that if n is square-free and gcd(n,ϕ(n)) = q , with q a prime and q2  (p−1) for any prime p | n,
then a vertex-transitive graph Γ of order n is isomorphic to a Cayley graph of order n if and only
if Aut(Γ ) contains a transitive solvable subgroup. This result is a corollary of a result mentioned
in the previous paragraph. Thus to resolve which values of square-free n (with gcd(n,ϕ(n)) = q)
are in NC, it suffices to only consider vertex-transitive graphs such that every transitive subgroup
of Aut(Γ ) is nonsolvable. We remark that there has been a large amount of work on determining
the vertex-transitive graphs such that every transitive subgroup of Aut(Γ ) is not solvable. The
interested reader is referred to [12] and references therein for surveys of these results. Finally, we
remark that all of the work in this paper is shown to hold for 2-closed groups, so that the above
results hold for any class of binary relational structures.
1. Preliminaries
For permutation group notation and terminology not discussed here the reader is referred
to [3]. Throughout the paper ϕ will denote Euler’s phi function. We will begin with a few group
theoretic ideas. The first is an elementary exercise stated here for completeness.
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normal abelian subgroup H = 1.
We will also frequently use the following elementary result.
Lemma 1.2. (See [13, Lemma 7.13(iii)].) If G is solvable and N is a minimal normal subgroup
of G, then N is an abelian p-group for some prime p.
Notation 1.3. Let G be a transitive permutation group admitting a complete block system B of
k blocks of length m. Each g ∈ G may be viewed as a permutation (in Sk) of the blocks of B,
which we denote by g/B, and G/B = {g/B: g ∈ G}. Hence there is a canonical homomorphism
π :G → Sk given by π(g) = g/B. We will denote the kernel of π by fixG(B). Thus fixG(B) =
{g ∈ G: g(B) = B for all B ∈ B}.
The following well-known result of Burnside will be used implicitly throughout (see [3, The-
orem 3.5B]).
Theorem 1.4. Let p be prime and G Sp containing the p-cycle ρ : i → i + 1 (mod p). Then
G is either doubly transitive or G< AGL(1,p) = {x → ax + b: a ∈ Z∗p, b ∈ Zp}.
The following equivalent form of the previous result is also useful.
Theorem 1.5. Let p be prime and G Sp . Then G is either doubly transitive and nonsolvable
or is solvable and contains a normal Sylow p-subgroup.
The following elementary fact will also be useful.
Lemma 1.6. Let ρ :Zm → Zm by ρ(i) = i + 1 (mod m). Then NSm(〈ρ〉) = {x → ax + b:
a ∈ Z∗m, b ∈ Zm} and |NSm(〈ρ〉)| = m · ϕ(m).
For brevity, we denote NSm(〈ρ〉) by N(m) and remark that if m is prime, then N(m) =
AGL(1,m).
Definition 1.7. (See Hassani, Iranmanesh, and Praeger [12].) Let n = ∏ri=1 paii be the prime
power decomposition of n, and m = ∑ri=1 ai . A transitive group G of degree n is genuinely
m-step imprimitive if there exists a sequence of normal subgroups of G, 1 < N1 < N2 <
· · · < Nm = G, where each Ni , 1  i  m − 1, is intransitive and the orbits of Ni are properly
contained in the orbits of Ni+1, 1 i m− 1.
Remark 1.8. For permutation groups G and H acting on the sets X and Y , the wreath product
of G and H , denoted by G 	 H , is the group acting on X × Y consisting of all permutations
of the form (x, y) → (g(x),hx(y)), where g ∈ G and each hx ∈ H . We remark that while this
definition is not consistent with the usual group theoretic definition of the wreath product, it
suffices for our needs here. We also remark that the groups appear in the opposite order in the
usual group theoretic notation. We will similarly reverse the order in the usual group theoretic
notation for the semidirect product, and these notational conventions are consistent with previous
work in this area.
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Let Γ be a vertex-transitive graph of order pqr . In [12], it was shown that Γ is isomorphic to
a Cayley graph of order pqr if Aut(Γ ) contains a genuinely 3-step imprimitive subgroup. For
square-free values of n, we now show that a transitive group G of degree n contains a genuinely
m-step imprimitive subgroup if and only if G contains a transitive solvable subgroup. We remark
that the following result need not hold for integers that are not square-free.
Theorem 1.9. A genuinely m-step imprimitive group G of square-free degree n contains a tran-
sitive solvable subgroup. Conversely, if G is transitive and solvable, then G is genuinely m-step
imprimitive.
Proof. We proceed by induction on m. If m = 1, then n is prime, and every transitive group
G Sn is a genuinely 1-step imprimitive subgroup. As n is prime, n | |G| so that G contains an
element α of order n. Then 〈α〉 is transitive and cyclic. Thus 〈α〉 is solvable.
Assume that m 2 and G is a genuinely m-step imprimitive group. Then N1 
 G so that G
admits a complete block system B formed by the orbits of N1. Furthermore, the orbits of N1
must be of prime order p. Then G/B is a genuinely (m − 1)-step imprimitive group and so by
the induction hypothesis there exists K G such that K/fixG(B) is solvable. Let Π be a Sylow
p-subgroup of fixG(B). Let g ∈ K . Then g−1Πg  fixG(B) and is thus a Sylow p-subgroup
of fixG(B). Thus there exists δ ∈ fixG(B) such that δ−1g−1Πgδ = Π . Let g¯ = gδ and G¯ =
〈g¯: g ∈ K〉. Then G¯/B = K . We conclude that 〈G¯,Π〉 is transitive. Furthermore, Π 
 〈Π,G¯〉
so that Π 
 fix〈Π,G¯〉(B). Whence fix〈Π,G¯〉(B) 1Sn/p 	 AGL(1,p) which is solvable. As G¯/B is
solvable, 〈Π,G¯〉 is solvable.
Conversely, suppose that G is solvable. We must show that G is genuinely m-step imprimitive.
We proceed by induction on m. If m = 1, then as noted above every transitive group of prime
degree is genuinely 1-step imprimitive and the result is trivial. Assume m 2. As G is solvable,
by Lemma 1.2, a minimal normal subgroup N of G is an abelian p-group for some prime p.
Then the orbits of N form a complete block system B of G, which, as n is square-free, must
consist of n/p blocks of length p. Define π :G → Sn/p by π(g) = g/B. By induction, G/B is
genuinely (m − 1)-step imprimitive, so there exists a sequence 1 < N2 < · · · < Nm = G/B of
normal subgroups of G/B such that the orbits of Ni are properly contained in the orbits of Ni+1,
2  i  m − 1. Then 1 < M1 = fixG(B) < M2 = π−1(N2) < · · · < Mm = π−1(Nm) = G is a
sequence of normal subgroups of G and the orbits of Mi are properly contained in the orbits
of Mi+1, 1 i m− 1. 
The following two results provide quite useful information about the order of a transitive
solvable subgroup.
Lemma 1.10. Let G be a solvable group that acts transitively but not necessarily faithfully on Ω ,
where |Ω| = m. Then there exists H  G such that H is transitive, solvable, and if p | |H | is
prime, then p | m.
Proof. Let |G| = rs, where gcd(r, s) = 1 and if p | m, then p | r . As G is solvable, G contains a
subgroup H such that |H | = r and, of course, H is solvable. Let O be the orbit of H that contains
ω ∈ Ω . Let p | |H |. Then H contains a Sylow p-subgroup Πp of G and by [25, Theorem 3.4]
the orbits of Πp have length at least pk , where pk | m but pk+1  m. Then O is a union of orbits
of Πp so that pk | |O|. Thus m | |O| so that H is transitive. 
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that p  ϕ(m) ·m. Then p  |G|.
Proof. We proceed by induction on the number of prime factors of m. If m is prime, then by
Theorem 1.4, we have that G is isomorphic to a subgroup of AGL(1,m) and |AGL(1,m)| =
(m − 1)m = ϕ(m) · m. Assume the result is true if m has i  1 prime factors and let G be a
transitive solvable group of degree m, where m has i+1 prime factors. Then G admits a complete
block system B of m/q blocks of length q for some prime q , as by Lemma 1.2 a minimal
normal subgroup of G is an abelian q-group for some prime q . Then |G| = |G/B| · |fixG(B)|. By
induction, p  |G/B| and |fixG(B)| divides (q(q − 1))m/q as fixG(B)|B is a transitive solvable
group of prime degree q . Thus the result follows by induction. 
The following form of Lemma 1.11 will also be useful.
Lemma 1.12. Let n be a square-free integer and G  Sn a transitive solvable subgroup that
admits a complete block system B of m blocks of length k. If there exists r | k such that gcd(r,m ·
ϕ(m)) = 1, then fixG(B) = 1.
Proof. If fixG(B) = 1, then |G/B| = |G| so that r | |G/B|. As gcd(r,m · ϕ(m)) = 1, by
Lemma 1.11, G/B is not solvable, a contradiction. 
Definition 1.13. Let Ω be a set and G SΩ be transitive. Let G act on Ω × Ω by g(ω1,ω2) =
(g(ω1), g(ω2)) for every g ∈ G and ω1,ω2 ∈ Ω . We define the 2-closure of G, denoted G(2), to
be the largest subgroup of SΩ whose orbits on Ω × Ω are the same as G’s. Let O1, . . . ,Or be
the orbits of G acting on Ω × Ω . Define digraphs Γ1, . . . ,Γr by V (Γi) = Ω and E(Γi) = Oi .
Each Γi , 1  i  r , is an orbital digraph of G, and it is straightforward to show that G(2) =⋂r
i=1 Aut(Γi). Note that B is a complete block system of G if and only if B is a complete block
system of G(2). A vertex-transitive graph is a graph whose automorphism group acts transitively
on the vertices of the graph. Clearly the automorphism group of a vertex-transitive graph or
digraph is 2-closed.
The main results of this paper actually hold for 2-closed permutation groups. Thus they will
not only provide information about vertex-transitive graphs, but vertex-transitive digraphs as
well. In fact, they will hold for any “combinatorial object” with a “binary relational structure.”
Definition 1.14. Let G be a transitive permutation group that admits a complete block system B
of m blocks of length p, p a prime, and B is formed by the orbits of some normal subgroup N 
G.
Then for each B ∈ B there exists αB ∈ N such that αB |B is a p-cycle. Define an equivalence
relation ≡ on the blocks of B by B ≡ B ′ if and only if whenever α ∈ N and α|B is a p-cycle, then
α|B ′ is also a p-cycle. Denote the equivalence classes of ≡ by C0, . . . ,Ca and let Ei =⋃B∈Ci B .
Lemma 1.15. (See Dobson [4].) Let G be as in Definition 1.14, and α ∈ N be such that |α| = p.
Then for each 0  i  a there exists αi ∈ G(2) such that αi |Ei = α|Ei and αi |Ej = 1 for every
i = j . Furthermore, each Ei is a block of G.
Remark 1.16. We remark that the preceding result was only proven in [4] for automorphism
groups of vertex-transitive graphs, but it is straightforward to generalize to transitive 2-closed
groups, a wider class of permutation groups.
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shorthand notation for the αi ’s. We will abuse notation and refer to αi as α|Ei . The context will
make clear whether α|Ei is a permutation in Smp or SEi .
The following two results were proven in [5]. The second, while not explicitly stated, is im-
plicit in the proof of [5, Theorem 6].
Lemma 1.18. (See Dobson [5].) Let G be a transitive solvable group and H 
 G be such that
H is nontrivial and abelian. Let m be the length of an orbit of H . If m is square-free, then G(2)
contains a semiregular element x of order m such that 〈H,x〉 is abelian and 〈G,x〉 is solvable.
Lemma 1.19. (See Dobson [5].) Let G  Sr be a transitive solvable subgroup with H 
 G an
abelian group with orbits of length m that form a complete block system B of G. Then G/B
contains a normal abelian subgroup K/B with orbits of length s. If there exists p | s such that
gcd(mp,ϕ(mp)) = 1, then there exists K G(2) such that K is transitive, solvable, and contains
a normal abelian subgroup L with orbits of length mp.
The following weak form of a remarkable result of Pálfy was crucial in [5] and will prove to
be useful here.
Theorem 1.20. (See Pálfy [22].) Let m be an integer with gcd(m,ϕ(m)) = 1. Let y, z ∈ Sm be
m-cycles. Then 〈y〉 and 〈z〉 are conjugate in 〈y, z〉.
Definition 1.21. Let G be a group and H ⊆ G − {1} such that H = H−1. We define the Cayley
graph Γ (G,H) to be the graph with V (Γ (G,H)) = G and E(Γ (G,H)) = {(g, gh): g ∈ G,
h ∈ H }. We will say Γ is a Cayley graph for G if Γ = Γ (G,H) for some H ⊆ G − {1},
H = H−1. Clearly if Γ is a Cayley graph for G, then GL = {gL :G → G: gL(x) = gx,
g ∈ G}Aut(Γ ). Thus Cayley graphs are vertex-transitive graphs.
We remark that Cayley digraphs are defined similarly, except we do not require that H = H−1.
Furthermore, Sabidussi [23] has shown that a vertex-transitive graph Γ is isomorphic to a Cayley
graph of the group G if and only if Aut(Γ ) contains a regular subgroup isomorphic to G.
Definition 1.22. Let V = Zm × Zn, and α ∈ Z∗n. Define permutations ρ, τ :V → V by ρ(i, j) =
(i, j + 1) and τ(i, j) = (i + 1, αj). A vertex-transitive graph Γ with V (Γ ) = V will be called
an (m,n)-metacirculant graph if 〈ρ, τ 〉 Aut(Γ ). Any group that is isomorphic to 〈ρ, τ 〉, will
be called a metacyclic group.
Metacirculant graphs were introduced by Alspach and Parsons in [2], where their el-
ementary properties were studied. In particular, in [2, Theorem 9] Alspach and Parsons
showed that an (m,n)-metacirculant graph Γ is isomorphic to a Cayley graph of Zm  Zn if
gcd(|α|/gcd(|α|,m),m) = 1. Thus if n is a positive integer such that gcd(n,ϕ(n)) = q , with q
a prime, such that q2  (p − 1) for any prime p | n, then every (q,n/q)-metacirculant graph is
isomorphic to a Cayley graph.
Definition 1.23. Define τˆ :V → V by τˆ (i, j) = (i + 1, αij), where each αi ∈ Z∗n. A vertex-
transitive graph Γ with V (Γ ) = V such that 〈ρ, τˆ 〉  Aut(Γ ) will be called an (m,n)-
semimetacirculant graph with multipliers (α0, . . . , αm−1). If the specific values of the multipliers
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A group that is isomorphic to 〈ρ, τˆ 〉 for some choice of multipliers (α0, α1, . . . , αm−1) will be
called a semimetacyclic group.
As the proof of the main result is somewhat long, it will be worthwhile to sketch an outline
of the proof before proceeding. We will show that if G is a transitive solvable group of square-
free degree n, with gcd(n,ϕ(n)) = q , q a prime, then G(2) contains a subgroup isomorphic
to 〈ρ, τˆ 〉 for some choice of multipliers (α0, . . . , αm−1). By Lemma 1.1, G contains a normal
abelian subgroup whose orbits are of length m. The bulk of the proof involves showing that if
m = n/q , then there exists a prime p | (n/m) and G′  G(2) such that G′ contains a normal
abelian subgroup H whose orbits are of length mp. There are several cases involved in showing
the preceding claim. All of the cases begin by considering a minimal normal subgroup of G/B,
where B is the complete block system of G formed by the orbits of H . By Lemma 1.2, this
group is an abelian p-group for some prime p. The first case deals with the case q | m. The
second case, which actually has already been dealt with in Lemma 1.19, deals with the case
when gcd(mp,ϕ(mp)) = 1. Finally, the most difficult case is when p = q . Once this claim is
established, we then show that G(2) contains a subgroup isomorphic to 〈ρ, τˆ 〉 for some choice of
multipliers (α0, . . . , αm−1).
2. The case q divides m
We begin with two technical lemmas.
Lemma 2.1. Let m be square-free and y, z ∈ Sm be m-cycles such that 〈y, z〉 is solvable and
admits a complete block system B of m/q blocks of length q . Assume that 〈y〉/B = 〈z〉/B, and if
t is a prime dividing m/q , then 〈y, z〉 has a unique Sylow t-subgroup. Then 〈y〉 = 〈z〉.
Proof. As 〈y〉/B = 〈z〉/B and |〈y〉/B| = m/q , every Sylow q-subgroup of 〈y, z〉 is contained
in fix〈y,z〉(B). Furthermore, as 〈y, z〉 is solvable, fix〈y,z〉(B)|B is solvable for every B ∈ B.
Hence by Theorem 1.4, fix〈y,z〉(B)|B  AGL(1, q) for every B ∈ B. Whence fix〈y,z〉(B) 
1Sm/q 	 AGL(1, q). As 1Sm/q 	 AGL(1, q) has a unique Sylow q-subgroup, fix〈y,z〉(B) 
 〈y, z〉, and
〈y〉/B = 〈x〉/B, we have that 〈y, z〉 has a unique Sylow q-subgroup as well. Let Π be the Sylow
q-subgroup of 〈y, z〉. Then 〈ym/q, zm/q〉 Π . As if t is a prime dividing m/q , then 〈y, z〉 has
a unique Sylow t-subgroup, 〈yq, zq〉 
 〈y, z〉. Then Π · 〈yq, zq〉 = 〈y, z〉 and Π ∩ 〈yq, zq〉 = 1.
Thus 〈y, z〉 = 〈yq, zq〉 × Π . As 〈yq, zq〉 
 〈y, z〉, 〈y, z〉  Cq 	 Cm/q where Cq and Cm/q are
cyclic groups of order q and m/q , respectively. As Π 
 〈y, z〉, 〈y, z〉  Cm/q 	 Cq and thus
〈y, z〉 Cm/q ×Cq ∼= Zm. Thus 〈y〉 = 〈z〉. 
Lemma 2.2. Let G be a transitive solvable group of square-free degree n, where gcd(n,ϕ(n)) = q
a prime, such that G contains a normal abelian subgroup H whose orbits form a complete block
system B of k blocks of length m, where q | m. Assume there exists x ∈ H such that 〈x〉 is
semiregular of order m, and G admits a complete block system C of k/p blocks of length mp for
some prime p | k. Let ρ ∈ Sn such that 〈ρx〉 is semiregular of order mp and ρx/C = 1. Suppose
that G contains a subgroup H ′ = G∩〈ρx|C : C ∈ C〉 such that the orbits of H ′ are of length mp.
Then there exists G′ G such that G′/C = G/C and H ′ 
G′.
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for all C ∈ C. As H ′ = G ∩ 〈ρx|C : C ∈ C〉, we will then have that gδg ∈ NSn(H ′). The result
will then follow by letting G′ = 〈gδg: g ∈ G〉 as gδg/C = g/C.
As m is square-free and H 
 G, G admits a complete block system D of n/q blocks of
length q formed by the orbits of the unique Sylow q-subgroup of H . Let C¯ be the complete
block system of G/D induced by C, so that C¯ consists of k/p blocks of length mp/q . Then
H ′/D|C¯ is a regular cyclic subgroup of Smp/q for every C¯ ∈ C¯. By the definition of n, we
also have that gcd(mp/q,ϕ(mp/q)) = 1. Furthermore, as G admits C as a complete block
system, H ′|C is a regular cyclic subgroup for every C ∈ C, g−1H ′g  fixG(C), g−1H ′g|C is
a regular cyclic subgroup for every C ∈ C, and (g−1H ′g/D)|C¯ is a regular cyclic subgroup
for every C¯ ∈ C¯. Let C¯1 ∈ C¯. By Theorem 1.20, there exists ω1 ∈ 〈H ′, g−1H ′g〉 such that
(ω−11 g−1H ′gω1/D)|C¯1 = (H ′/D)|C¯1 . Let C¯2 ∈ C¯ such that C¯2 = C¯1. Similarly, there exists
ω2 ∈ 〈H ′,ω−11 g−1H ′gω1〉 such that (ω−12 ω−11 g−1H ′gω1ω2/D)|C¯2 = (H ′/D)|C¯2 . Furthermore,
as (〈H ′,ω−11 g−1H ′gω1〉/D)|C¯1 = (H ′/D)|C¯1 , we have that (ω−12 ω−11 g−1H ′gω1ω2/D)|C¯1 =
(H ′/D)|C¯1 as well. Continuing inductively, we find ω ∈ 〈H ′, g−1H ′g〉 such that
(ω−1g−1H ′gω/D)|C¯ = (H ′/D)|C¯ for every C¯ ∈ C¯.
Let r | pm be prime such that r = q . As gcd(n,ϕ(n)) = q , we have that gcd(mp,ϕ(mp)) = q
or 1. Hence r  ϕ(mp) so that r  (q − 1). By Lemma 1.6, r  |fix〈H ′,ω−1g−1H ′gω〉(D)|. As
(ω−1g−1H ′gω/D)|C¯ = (H ′/D)|C¯ for every C¯ ∈ C¯, we have that r2  |(ω−1g−1H ′gω/D)|C¯ |.
We conclude that the Sylow r-subgroups of 〈H ′,ω−1g−1H ′gω〉|C have order r for every
C ∈ C, and thus that 〈(ρx)m/r 〉|C and 〈ω−1g−1(ρx)m/rgω〉|C are Sylow r-subgroups of
〈H ′,ω−1g−1H ′gω〉|C for every C ∈ C, and hence are conjugate. Arguing inductively as
in the preceding paragraph, we have that there exists βr ∈ 〈H ′,ω−1g−1H ′gω〉 such that
〈H ′, β−1r ω−1g−1H ′gωβr 〉|C has a unique Sylow r-subgroup for every C ∈ C. Similarly, if
s | pm is prime such that s = q , then there exists βs ∈ 〈H ′, β−1r ω−1g−1H ′gωβr 〉 such that
〈H ′, β−1s β−1r ω−1g−1H ′gωβrβs〉|C has unique Sylow r-subgroup and Sylow s-subgroup for ev-
ery C ∈ C. Arguing inductively, there exists β ∈ 〈H ′,ω−1g−1H ′gω〉 such that
〈H ′, β−1ω−1g−1H ′gωβ〉|C has a unique Sylow t-subgroup for every prime t | pm such that
t = q and C ∈ C. Let δg = ωβ . It then follows from Lemma 2.1 that 〈H ′, δ−1g g−1H ′gδg〉|C =
H ′|C for every C ∈ C, and the result follows. 
Most of the argument used to prove the following lemma is analogous to those in [5, Theo-
rem 6]. The entire argument is stated here for completeness.
Lemma 2.3. Let G be a 2-closed transitive solvable group of degree n, where n is square-free
and gcd(n,ϕ(n)) = q , such that G contains a normal abelian subgroup H whose orbits form a
complete block system B of k blocks of length m, where q | m. Then there exists G′  G such
that G′ is transitive, solvable, and contains a normal abelian subgroup L whose orbits are of
length mp for some prime p | (n/m).
Proof. By Lemma 1.18, there exists x ∈ G such that x is semiregular of order m and 〈x,H 〉 is
abelian.
Define πm :G → Sk by πm(g) = g/B, and let H ′ = Ker(πm) = fixG(B). By Lemma 1.1,
G/B contains a nontrivial normal abelian subgroup K . Let p be a prime such that p divides the
length of the orbits of K but p  m. Then G admits a complete block system C of n/mp blocks
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be a Sylow p-subgroup of fixG(C).
Let Γ/B be the graph of order n/m with V (Γ/B) = B and
E(Γ/B) = {(B,B ′): some vertex of B is adjacent to some vertex of B ′}.
We then have that G/B  Aut(Γ/B) so that (G/B)(2)  Aut(Γ/B). Note that E is a complete
block system of (G/B)(2) if and only if E is a complete block system of G/B. Thus (G/B)(2) ad-
mits a complete block system CB of n/mp blocks of length p induced by the block system C of G.
Note that Π/B  fix(G/B)(2) (CB) so we may choose a semiregular element ρ¯ ∈ fix(G/B)(2) (CB)
such that ρ¯ is contained in the same Sylow p-subgroup of fix(G/B)(2) (CB) as Π/B. Let ρ ∈ Sn
such that ρ/B = ρ¯, 〈ρx〉 is semiregular of order mp, ρx/C = 1 and |ρ| = p.
Let r | m be prime and Πr be a Sylow r-subgroup of H . We will show that ρ−1Πrρ = Πr ,
which will establish that ρ−1Hρ = H , as H is abelian. Note that G admits a complete block
system D of n/r blocks of length r , formed by the orbits of 〈xm/r 〉. Then Πr  fixG(D) and by
Lemma 1.15, there exists a complete block system E of G such that Πr = 〈xm/r |E : E ∈ E〉. As
ρ¯ respects the blocks of G/B and each E ∈ E is a union of blocks of B, for each E ∈ E we have
that ρ−1(xm/r |E)ρ = xm/r |E′ , for some E′ ∈ E . Thus ρ−1Πrρ = Πr so that ρ−1Hρ = H .
Let W = NSn(H)∩ (Sn/mp 	 (Sp 	 Sm)). Clearly W admits C as a complete block system, and
by arguments in the immediately preceding paragraph, ρ ∈ W . As gcd(n,ϕ(n)) = q , if P is a
Sylow p-subgroup of fixW(C) and φ ∈ P , then by Lemma 1.6 φ/B = 1. Let P1 be the Sylow
p-subgroup of fixW(C) that contains ρ. We conclude that P1  〈ρ|C : C ∈ C〉. Let P2 be a Sylow
p-subgroup of fixW(C) that contains Π . Then there exists δ ∈ W such that δ−1P2δ = P1. By
replacing G with δ−1Gδ, we may assume that P2 = P1. Hence Π  〈ρ|C : C ∈ C〉. Finally, note
that δ−1Hδ = H so that x ∈ δ−1Hδ.
Let L = {ρx|C : C ∈ C} ∩G, and G′ = NG(L). Observe that as x ∈ G and Π  〈ρ|C : C ∈ C〉,
L has n/mp orbits of length mp. As q | m it follows by Lemma 2.2 that G′/C = G/C. Thus G′
is transitive and the result follows. 
3. The minimal normal subgroup of G/B is a q-group
Again, we begin with a technical lemma.
Lemma 3.1. Let G Spq be a transitive solvable group that admits a complete block system B
of p blocks of length q , where p and q are prime and p  (q − 1). If fixG(B) contains a unique
Sylow q-subgroup of order q , then G contains a unique Sylow p-subgroup.
Proof. Let Q be the Sylow q-subgroup of fixG(B) and P be a Sylow p-subgroup of G. As G is
solvable, G N(p) 	 N(q) and |N(p) 	 N(q)| = (p − 1)pqp(q − 1)p . As p  (q − 1) we have
that |P | = p. Let ρ ∈ Q such that 〈ρ〉 = Q and τ ∈ P such that 〈τ 〉 = P . Then τ−1ρτ ∈ Q so
that τ−1ρτ = ρα , α ∈ Zq , α = 0. Furthermore, ρ = τ−pρτp = ραp . As p  (q − 1), we must
then have that α = 1. Thus ρτ = τρ, and 〈ρ, τ 〉 is abelian of order pq and thus cyclic. We may
thus identify the set on which G acts as Zp × Zq in such a way that τ(i, j) = (i + 1, j) and
ρ(i, j) = (i, j + 1). Let P ′ be any Sylow p-subgroup of G. As GN(p) 	 N(q), we conclude
that P ′ is generated by an element τ¯ where τ¯ (i, j) = (i + 1, βij + bi), βi ∈ Z∗q , bi ∈ Zq . By
arguments above, τ¯−1ρτ¯ = ρ so that βi = 1 for all i ∈ Zp . Then τ¯−1τ ∈ Q so that τ¯−1τ = ρa
for some a ∈ Zq . If a = 0, then |τ¯ | = pq so that a = 0 and τ¯ = τ . 
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length m, and is maximal with respect to this property. Then G admits a complete block system B
of n/m blocks of length m formed by the orbits of H . Furthermore, as m is square-free and H
abelian, if r | m is prime, then G admits a complete block system Cr of n/r blocks of length r
formed by the orbits of the unique Sylow r-subgroup of H . Define an equivalence relation ≡r
on Cr by C ≡r C′ if and only if whenever α ∈ fixG(Cr ), then α|C is an r-cycle if and only if α|C′
is also an r-cycle. By Lemma 1.15, the union of the equivalence classes of ≡r form a complete
block system Er of G and α|E ∈ G(2) for every E ∈ Er .
Lemma 3.2. Let G be a transitive solvable group of square-free degree n such that G contains a
normal abelian subgroup H whose orbits are of length m and form the complete block system B.
If the only normal abelian subgroup of G/B has orbits of length q , then for every prime r | m,
any block Er ∈ Er has length mtr , where one of the following occurs:
1. tr = 1,
2. q | tr , or
3. tr | ϕ(n/m).
Proof. That m | |Er | follows from the fact that as H is abelian and H 
 G, we have that
fixG(B)|B  N(m) for every B ∈ B. As m is square-free, N(m) contains a normal r-subgroup
that is semiregular of order r . Suppose that for some prime r | m we have that the blocks
of Er have length mtr , and none of conditions 1–3 hold. As tr = 1 and q  tr , Er is nontriv-
ial and Er = B. Furthermore, there exists a prime pr | tr such that pr = q . As tr = 1, we
have that G/B admits a nontrivial complete block system F of n/mtr block of length tr . As
tr  ϕ(n/m), there exists s | tr such that gcd(s, n/(mtr ) · ϕ(n/(mtr)) = 1 and by Lemma 1.12
fixG/B(F) = 1. Let W be a minimal normal subgroup of fixG/B(F). Again by Lemma 1.2,
W is an abelian s-group for some prime s, and, of course, s = q . As every group K contains a
unique maximal normal s-subgroup Os(K) (see [10, p. 226]), we have that Os(fixG/B(F)) = 1.
As Os(fixG/B(F)) is characteristic in fixG/B(F) and fixG/B(F) 
 G/B, Os(fixG/B(F)) 
 G/B.
Thus G/B admits a complete block system formed by the orbits of Os(fixG/B(F)). As n is
square-free, the orbits of Os(fixG/B(F)) have length s. Thus Os(fixG/B(F)) is abelian, a con-
tradiction. 
Note that if E ∈ Er , then E is a union of blocks of B. Furthermore G/B is a solvable group
and so G contains a subgroup J such that J/B 
 G/B. Throughout the remainder of this sec-
tion we will assume that the orbits of J/B are of length q . Hence G admits a complete block
system C of n/(mq) blocks of length mq formed by the orbits of 〈J,H 〉 and G/B admits a
complete block system C′ of n/(mq) blocks of length q formed by the orbits of J/B. De-
fine an equivalence relation ≡ on C′ by C ≡ C′ if and only if whenever γ ∈ fixG/B(C′), then
γ |C is a q-cycle if and only if γ |C′ is a q-cycle. By Lemma 1.15, the union of the equiv-
alence classes of ≡ form a complete block system of (G/B)(2) and hence a complete block
system of G/B as well. Similarly, G/C contains a normal abelian subgroup, and hence G con-
tains a subgroup K such that K/C 
 G/C and the orbits of K/C are of prime length p. Thus
G admits a complete block system D of n/(mqp) blocks of length mqp. Note that if B ∈ B,
then there exists C ∈ C such that B ⊂ C and if C ∈ C, then there exists D ∈ D such that
C ⊂ D.
In the specific case we are concerned with in this paper, Lemma 3.2 gives the following.
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a prime, such that G contains a normal abelian subgroup H whose orbits are of length m. If the
only normal abelian subgroup of G/B has orbits of length q , then for every prime r | m, Er = B
or each block E ∈ Er is a union of blocks of C.
Proof. By Lemma 3.2, we have for every prime r | m, any block Er ∈ Er has length mtr , where
tr = 1, q | tr , or tr | ϕ(n/m). As gcd(n/m,ϕ(n/m)) = 1 or q , we have that tr = 1 or q | tr . If
tr = 1, then Er = B and if q | tr , then each block of E ∈ Er is a union of blocks of C. 
Lemma 3.4. Let G be a transitive solvable group of square-free degree n, where gcd(n,ϕ(n)) = q
a prime, such that G contains a normal abelian subgroup H whose orbits are of length m, where
gcd(m,q) = 1. If the only normal abelian subgroup of G/B has orbits of length q , then the union
of the equivalence classes of ≡ are the complete block system C′.
Proof. Note that (G/B)/C′ =G/C is a transitive group of degree n/(mq) and as gcd(n,ϕ(n))=q ,
we have that gcd(n/(mq),ϕ(n/(mq)) = 1. By [5, Theorem 6] (G/C)(2) contains a regular cyclic
subgroup. We conclude that if F is a complete block system of G/C of r blocks of length s,
then F is the only complete block system of G/C of r blocks of length s. Assume the union of
the equivalence classes of ≡ form a complete block system E of r blocks of length sq , where
s > 1. Then E induces a unique complete block system F of G/C of r blocks of length s. As
gcd(s, r · ϕ(r)) = 1, it follows by Lemma 1.12 that fixG/C(F) = 1. Let L′ be a minimal normal
subgroup of fixG/C(F). By Lemma 1.2, L′ is an abelian -group for some prime , and as the
orbits of L′ form a complete block system of G/C with blocks of length , we have that  | s.
As L′ 
 G/C and K 
 G/B, we conclude that there exists L 
 G/B such that L has n/(mq)
orbits of length q , where K  L and L′  L/D. Thus the orbits of L form a complete block
system I of G/B and, by choice of , we have that the equivalence classes of ≡ are formed by
unions of blocks of I . Then (L|I )/B is a transitive subgroup of Sq that has a unique Sylow
q-subgroup of order q . By Lemma 3.1, (L|I )/B has a unique Sylow -subgroup for every I ∈ I .
Hence L/B has a unique Sylow -subgroup Π . Thus Π is characteristic in L/B so that Π 
G/B,
a contradiction. 
Lemma 3.5. Let G act on the set X. If fixG(B) contains a semiregular element x of order m such
that 〈x,H 〉 is abelian, then we may identify X with V = Zn/(mpq) × Zp × Zq × Zm so that the
following conditions hold:
1. B = {{(i, j, k, ):  ∈ Zm}: i ∈ Zn/(mpq), j ∈ Zp, k ∈ Zq},
2. C = {{(i, j, k, ):  ∈ Zm, k ∈ Zq}: i ∈ Zn/(mpq), j ∈ Zp},
3. D = {{(i, j, k, ):  ∈ Zm, k ∈ Zq, j ∈ Zp}: i ∈ Zn/(mpq)},
4. x(i, j, k, ) = (i, j, k, + 1),
5. if y ∈ fixG(C) such that |y/B| = q , then y(i, j, k, ) = (i, j, k + ai,j , αi,j ()), ai,j ∈ Zq ,
αi,j ∈ Sn/m,
6. if z ∈ fixG(D) such that |y/C| = p, then z(i, j, k, ) = (i, j + bi, βi(k, )), where bi ∈ Zp
and βi ∈ SZq×Zn .
Furthermore, if g ∈ G, then g(i, j, k, ) = (σ (i), αij + ai, βi,j k + bi,j , γi,j,k + ci,j,k), where
σ ∈ Sn/(mpq), αi ∈ Z∗ , ai ∈ Zp , βi,j ∈ Z∗ , bi,j ∈ Zq , γi,j,k ∈ Z∗ , and ci,j,k ∈ Zm.p q m
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show that if g ∈ G, then g(i, j, k, ) = (σ (i), αij + ai, βi,j k + bi,j , γi,j,k + ci,j,k), where σ ∈
Sn/(mpq), αi ∈ Z∗p , ai ∈ Zp , βi,j ∈ Z∗q , bi,j ∈ Zq , γi,j,k ∈ Z∗m, and ci,j,k ∈ Zm. Clearly, if g ∈ G,
then g(i, j, k, ) = (σ (i), δi(j), γi,j (k), ιi,j,k()), where σ ∈ Sn/(mpq), δi ∈ Sp , γi,j ∈ Sq , and
ιi,j,k ∈ Sm. As H 
 G and H |B is the right regular representation of Zm for every B ∈ B, ιi,j,k ∈
N(m) = {x → ax + b: a ∈ Z∗m, b ∈ Zm}. Similarly, as J/B is the unique Sylow q-subgroup
of G/B and K/C is the unique Sylow p-subgroup of G/C, we have that γi,j ∈ N(q) = AGL(1, q)
and δi ∈ N(p) = AGL(1,p). 
If fixG(B) contains a semiregular element x of order m such that 〈x,H 〉 is abelian and X is
identified with V so that the conclusion of Lemma 3.5 holds, we will say that G satisfies (∗).
Let g ∈ G where G satisfies (∗) and g(i, j, k, ) = (σ (i), αij + ai, βi,j k + bi,j , γi,j,k + ci,j,k).
We will call αi the i-multiplier of g, ai the i-constant of g, βi,j the (i, j)-multiplier of g, bi,j the
(i, j)-constant of g, γi,j,k the (i, j, k)-multiplier of g, and ci,j,k the (i, j, k)-constant of g, where
i ∈ Zn/(mpq), j ∈ Zp , and k ∈ Zq .
Lemma 3.6. Let G satisfy (∗) be such that if h ∈ fixG(2) (B) and 〈G,h〉 is solvable, then h ∈ G.
If whenever
• r | |G/C| is prime, then r | (n/mq),
• r | |G/B| is prime, then r | (n/m), and
• the only normal abelian subgroup of G/B has orbits of length q ,
then there exists δ ∈ SV such that δ−1Gδ satisfies (∗) and for every δ−1gδ ∈ δ−1Gδ the
(i, j)-multiplier of δ−1Gδ is 1. Furthermore, there exists T¯  δ−1Gδ such that T¯ /C = G/C,
fixT¯ (C) = 1, and
1. every (i, j)-multiplier of t ∈ T¯ is 1,
2. every (i, j)-constant of t ∈ T¯ is 0,
3. every (i, j, k)-constant of t ∈ T¯ is 0.
Proof. By Lemma 1.11, if r | |G| is prime, then r divides n · ϕ(n). Let |G| = uv, where if
r | (n/(mq)), then r | u and gcd(u, v) = 1. As gcd(n,ϕ(n)) = q , we have that gcd(n/(mq),
ϕ(n/(mq))) = 1. As G/C is solvable, by Lemma 1.11 |G/C| divides (n/(mq)) · ϕ(n/(mq)), and
by hypothesis, if a prime r | |G/C|, then r | (n/(mq)), we have that |G/C| divides u. Similarly, as
fixG(C) is solvable, by Lemma 1.11 we have that |fixG(C)|C | divides mq ·ϕ(mq) for every C ∈ C,
and so |fixG(C)| divides (mq)n/(mq) · ϕ(mq)n/(mq). Thus if s is prime and s divides |fixG(C)|,
then s divides mq · ϕ(mq). Let r be a prime such that r divides n/mq . If r divides |fixG(C)|,
then r | (mq) or r | ϕ(mq). As n is square-free, r  mq and as gcd(n,ϕ(n)) = q , r  ϕ(mq). We
conclude that |G/C| = u and |fixG(C)| = v.
As gcd(u, v) = 1 and G is solvable, G contains a subgroup T of order u. As gcd(u, v) = 1
and |fixG(C)| = v, we have that if t ∈ T , then t/C = 1. Thus T/C = G/C. Let t ∈ T . Then
t (i, j, k, ) = (σ (i), αij + ai, βi,j k + bi,j , γi,j,k + ci,j,k) as above. We remark that, of course,
σ,αi, ai, βi,j , bi,j , γi,j,k , and ci,j,k depend on the particular choice of t ∈ T . For ease of no-
tation, our notation will not reflect this fact. For each t ∈ T , define tˆ :V → V by tˆ (i, j, k, ) =
(σ (i), αij +ai, k, γi,j,k), and let Tˆ = 〈tˆ : t ∈ T 〉. Then Tˆ /C = T/C as for each t ∈ T , tˆ/C = t/C.
Let |Tˆ | = u · x. As Tˆ /C = T/C, we have that x = |fix ˆ (C)|, and as each element of tˆ acts as theT
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Tˆ
(B)|. Now, by the definition of Tˆ , fix
Tˆ
(B) is isomorphic
to a subgroup of 1Sn/m 	 Z∗m. As q  m and gcd(n,ϕ(n)) = q , we have that gcd(n/q,ϕ(n/q)) = 1
so that gcd(n/(mq),ϕ(m)) = 1. We conclude that gcd(u, x) = 1 so that Tˆ contains a subgroup T¯
of order u. As gcd(u, x) = 1, if tˆ ∈ Tˆ , then tˆ/C = 1. Then T¯ /C  T/C and |T¯ /C| = |T/C|. Thus
T¯ /C = T/C and fixT¯ (C) = 1. By the definition of Tˆ , every (i, j)-multiplier of t¯ ∈ T¯ is 1, and
every (i, j)-constant and (i, j, k)-constant of t¯ is 0.
Clearly 〈G, T¯ 〉 is solvable, and 〈G, T¯ 〉 satisfies (∗). As the only normal abelian subgroup
of G/B has orbits of length q , it follows by Lemma 3.3 that for every prime s | m, any block
of Es is a union of blocks of C or Es = B. We now show that T¯  NSV (H), by showing that Tˆ
normalizes H .
Note first that ω1 :V → V by ω1(i, j, k, ) = (i, j, k,  + γ−1i,j,kci,j,k) centralizes H . For s | m
a prime, let Πs be a Sylow s-subgroup of H . Note that to show Tˆ  NSV (H), it suffices to
show that Tˆ normalizes Πs , for every prime s | m. Let ω2(i, j, k, ) = (i, j, βi,j k + bi,j , ).
As for t ∈ T , t = tˆω2ω1 and ω1 centralizes H , we need only show that ω2 normalizes H as
t normalizes H . That is, ω2 normalizes each Πs , where s | m is prime.
Let s | m be prime. If Es = B, then by Lemma 1.15, xm/s |B ∈ G(2) for every B ∈ B. Clearly
〈G,xm/s |B : B ∈ B〉 is solvable, so by hypothesis, xm/s |B ∈ G for every B ∈ B. Then Sn/m 	N(m)
normalizes Πs so that ω2 ∈ NSV (Πs). If each block of Es is a union of blocks of C, then for every
γ ∈ Πs and C ∈ C, we have that γ |C = xm/s |C . We conclude that 1Sn/mq 	(Sq ×N(m)) normalizes
Πs so that ω2 normalizes Πs . Thus T¯ NSV (H).
By arguments analogous to those in the first paragraph of this proof, we have that if 〈G, T¯ 〉 =
u′v′, where if r | (n/(mq)) is prime, then r | u′ and gcd(u′, v′) = 1, then u′ = |〈G, T¯ 〉/C| =
|T¯ /C| = u. We conclude that T and T¯ are conjugate in 〈G, T¯ 〉. As 〈G, T¯ 〉  NSV (H), there
exists δ ∈ 〈G, T¯ 〉 such that δ−1Gδ satisfies (∗) and δ−1T δ = T¯ . If g/B = 1, then of course the
result follows. As if r | |G/B|, then r | (n/m) and gcd(n/mq,ϕ(n/mq)) = 1, fixG(C)/B is a
q-group. As G is solvable and G satisfies (∗), if g ∈ fixG(C) but g/B = 1, then g(i, j, k, ) =
(i, j, k + bi,j , γi,j,k+ ci,j,k) and the result follows for all such g. Thus the result follows for all
g ∈ G such that g/C = 1, as δ−1gδ = t¯f , where f ∈ fixδ−1Gδ(C). Hence the result follows. 
If G satisfies (∗) and the conclusion of Lemma 3.6, we will say that G satisfies (∗∗). Let
Di = {(i, j, k, ): j ∈ Zp, k ∈ Zq,  ∈ Zn/m}. Clearly D = {Di : i ∈ Zn/(mqp)}.
Lemma 3.7. Let G satisfy (∗∗), r | m be prime such that Er = C, each block of Er is a union of
blocks of C, and the only normal abelian subgroup of G/B has orbits of length q . Then there
exists a prime p′ | |Er |, Er ∈ Er , and G′  G such that G′ is transitive, satisfies (∗∗), and
G′/B has a normal abelian subgroup with orbits of length p′, or the (i, j, k)-multiplier of g′ is
congruent to 1 (mod r) for every i ∈ Zn/(mqp), j ∈ Zp , k ∈ Zq , and g′ ∈ fixG′(C).
Proof. As Er is a complete block system of G and each block of Er is a union of blocks of C,
G/C admits a complete block system F ′ of s blocks of length t such that Er = {⋃{C ∈ F ∩ C}:
F ∈ F ′}. As Er = C, t = 1. As gcd(t, s · ϕ(s)) = 1, by Lemma 1.12 fixG/C(F ′) = 1. Let K ′ G
such that fixG(C)K ′ and K ′/C is a minimal normal subgroup of fixG/C(F ′). Then K ′/C is an
abelian p′-group for some prime p′ | n/(mq). Also, K ′ 
 G so that G admits a complete block
system F of n/(mqp′) blocks of length mqp′, and, by construction, every block of Er is a union
of blocks of F . We will thus assume without loss of generality that p′ = p and K ′ = K . This
then implies that each E ∈ Er is a union of blocks of D.
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(i, j, k)-multiplier of g and γ ′ is the (i, j ′, k′)-multiplier of g, then γ ≡ γ ′ (mod r) for every
j, j ′ ∈ Zp and k, k′ ∈ Zq . As the only normal abelian subgroup of G/B has orbits of length q ,
it follows by Lemma 3.4 that the union of the equivalence classes of ≡ form the complete block
system C′ (≡ is defined before Lemma 3.3). Thus (fixG(C)|D)/B has order at least q2 for ev-
ery D ∈ D. Let Di ∈ D and g, g¯ ∈ fixG(C) such that (g|Di )/B /∈ 〈(g¯|Di )/B〉, (g¯|Di )/B = 1, and
both (g|Di )/B and (g¯|Di )/B have order q . By raising g, g¯ to appropriate powers, we assume
without loss of generality that |g| and |g¯| are both powers of q . Let αi,j,k and α¯i,j,k be the
(i, j, k)-multipliers of g and g¯, respectively. As both |g| and |g¯| are powers of q , αi,j,k (mod r)
and α¯i,j,k (mod r) have multiplicative order a power of q . As Z∗r is cyclic under multiplication,
〈αi,j,k (mod r), α¯i,j,k (mod r)〉 is cyclic under multiplication. Without loss of generality, assume
that 〈αi,j,k (mod r), α¯i,j,k (mod r)〉 = 〈α¯i,j,k (mod r)〉, where again, the operation is multi-
plication. Hence there exists a positive integer v such that (α¯i,j,k)v ≡ α−1i,j,k (mod r). Clearly,
as (g|Di )/B /∈ 〈(g¯|Di )/B〉, (gg¯v|Di )/B = 1, and the (i, j, k)-multiplier of gg¯v is congruent to
1 (mod r) for every j and k. Let Π be the Sylow p-subgroup of fixD(T¯ ) (where T¯ is as in
Lemma 3.6). This implies that an i-constant of x ∈ Π is nonzero modulo p provided x = 1. Note
that xp ∈ fixT¯ (C) for every x ∈ Π , so that xp = 1. Again, as Er is a union of blocks of D, for
fixed i′ ∈ Zn/mpq , we must have that the (i′, j, k)-multipliers of x ∈ Π are congruent modulo r ,
for j ∈ Zp , k ∈ Zq . As xp = 1 and gcd(n,ϕ(n)) = q , we have that for fixed i′ ∈ Zn/mpq that the
(i′, j, k)-multipliers of x ∈ Π are congruent to 1 modulo r . Then 〈H,Π,gg¯v〉|Di is transitive
and the (i, j, k)-multipliers of every element of 〈H,Π,gg¯v〉|Di is congruent to 1 (mod r).
Let M  fixG(C) be a maximal subgroup such that the (i, j, k)-multipliers of g ∈ 〈Π,M〉 are
congruent to 1 (mod r) for a subset S of Zn/(mpq) of maximum length and 〈Π,M〉|D is transitive
for some D ∈ D. By the immediately preceding argument, such an M exists. Note that as M is
maximal, if h ∈ Π , then h−1gh ∈ M for every g ∈ M , and H M .
Assume for the moment that a Sylow q-subgroup of (M|D)/B has order 1 or q for every
D ∈ D. As h−1gh ∈ M for every h ∈ Π and g ∈ M , for fixed i ∈ Zn/(mqp), the (i, j)-constants
of g ∈ M must be equal for every j ∈ Zp . This follows as if h ∈ Π with h|Di of order p,
then (〈h,M〉|D)/B is either intransitive on D/B (in which case every (i, j)-constant of g
is 0) or (〈h,M〉|D)/B is transitive on D/B in which case as the (i, j)-multiplier of h is 1,
as by [9, Lemma 3] we have that (bi,0, . . . , bi,p−1) (where D = Di , and if m ∈ M such that
|(m|D)/B| = q , then m(i, j, k, ) = (i, j, k + bi,j , γi,j,k + ci,j,k)) generates a cyclic code of
length p over GF(q) of dimension 1. The only such code is the repetition code as p  (q − 1)
(so that (xp − 1)/(x − 1) has no linear factors over GF(q)—see [16, Chapter 7, §5]). Let
G′ = 〈M, T¯ 〉. As 〈M,Π〉|D is transitive for some D ∈ D, 〈M, T¯ 〉 is transitive. Furthermore,
as the (i, j)-multipliers of x ∈ T¯ are 1 (mod r) and the (i, j)-constants of x ∈ T¯ are 0, if
g ∈ fix〈M,T¯ 〉(C), then for fixed i ∈ Zn/(mqp), the (i, j)-constants of g must be equal for ev-
ery j ∈ Zp . Define an equivalence relation ≡′ on C′ by C ≡ C′ if and only if whenever
γ ∈ fixG′/B(C′), then γ |C is a q-cycle if and only if γ |C′ is a q-cycle. Then the equivalence
classes of ≡′ have length at least qp. It follows by Lemma 3.4 (and it’s proof) that G′/B has a
normal abelian subgroup whose orbits have length p and the result follows.
We thus assume that there exists D ∈ D such that a Sylow q-subgroup of (M|D)/B
has order at least q2. We will show that S = Zn/(mqp). Let Di ∈ D such that a Sylow
q-subgroup of (M|Di )/B has order at least q2. Let g, g¯ ∈ fixM(C) such that (g|Di )/B /∈
〈(g¯|Di )/B, (g¯|Di )/B〉 = 1, and both (g|Di )/B and (g¯|Di )/B have order q . By raising g, g¯ to
appropriate powers, we assume without loss of generality that |g| and |g¯| are both powers of q .
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on Di and the (i, j, k)-multiplier of every element of 〈H,Π,gg¯v〉 is congruent to 1 (mod r).
Clearly if  ∈ S, then the (, j, k)-multiplier of every element of 〈H,Π,gg¯v〉 is still congruent
to 1 (mod r), contradicting our choice of M . Thus i ∈ S. Assume there exists  ∈ Zn/(mqp) such
that  /∈ S. By arguments above, we may assume that a Sylow q-subgroup of (M|D)/B has
order 1 or q . As S is of maximum length, the (, j, k)-multipliers of g and g¯ are not congru-
ent to 1 (mod r), as if the (, j, k)-multiplier of g is congruent to 1 (mod r) 〈Π,g,H 〉|Di is
transitive, and if u ∈ S ∪ {}, then the (u, j, k)-multiplier of every element of 〈Π,g,H 〉 is con-
gruent to 1 (mod r), again contradicting our choice of M . The case where the (, j, k)-multiplier
of g¯ is congruent to 1 (mod r) is obviously analogous. Thus the (, j, k)-multipliers of g and
g¯ are both not congruent to 1 (mod r). As before, there exits a positive integer v such that the
(, j, k)-multipliers of any element of 〈H,Π,gg¯v〉 is 1 and 〈H,Π,gg¯v〉|Di is transitive. As be-
fore, if u ∈ S ∪ {}, then the (u, j, k)-multiplier of every element of 〈Π,G,gg¯v〉 is congruent to
1 (mod r), again contradicting our choice of M . Thus S = Zn/(mqp).
Let N = 〈x−1μx: x ∈ T¯ ,μ ∈ M〉. Note that as if g ∈ G and i ∈ Zn/mpq , then the (i, j, k)-
multiplier of g is congruent to the (i, j ′, k′)-multiplier of g (mod r) for every j, j ′ ∈ Zp ,
k, k′ ∈ Zq , we have that the (i′, j ′, k′)-multiplier of x−1μx is 1 (mod r) for every i′ ∈ Zn/m,
j ′ ∈ Zp , and k′ ∈ Zq . Let G′ = 〈T¯ ,N〉. Then G′ is transitive as T¯ /D is transitive, 〈Π,M〉 is
transitive on some D ∈ D, and Π  T¯ . Also, N 
 G′ so that N · T¯ = G′. Let g′ ∈ fixG′(C).
Then, of course, g′/C = 1 and g′ = ν · x, where ν ∈ N and x ∈ T¯ . As fixT¯ (C) = 1, x = 1 so that
g′ = ν ∈ N and the result follows. 
Lemma 3.8. Let G satisfy (∗∗). Assume that the only normal abelian subgroup of G/B has
orbits of length q . Also assume that if r | m is prime and Er = C but each block of Er is a union
of blocks of C, then for every g ∈ fixG(C) the (i, j, k)-multiplier of g is congruent to 1 (mod r)
for all i ∈ Zn/(mpq), j ∈ Zp , and k ∈ Zq . Then a Sylow q-subgroup fixG(2) (C)/B is isomorphic
to 1Sn/(mq) 	Cq and has order qn/(mq), where Cq is the cyclic group of order q .
Proof. By Lemma 1.10, we assume without loss of generality that if t | |G| is prime, then t | n,
if t | |G/B| is prime, then t | (n/m), and if t | |G/C| is prime, then t | (n/(mq)). As G satis-
fies (∗), G Sn/mq 	 (AGL(1, q) 	 N(m)). Hence |fixG(C)| divides [q(q − 1) · ϕ(m)qmq ]n/mq .
As gcd(n,ϕ(n)) = q and if t | |G|, then t | n, we conclude that if t | |fixG(C)|, then t | mq . As
gcd(q −1,m) = 1 and fixG(C)/B  1Sn/mq 	AGL(1, q), we have that fixG(C)/B is a q-group. As
fixG(B)|B N(m) and gcd(m,ϕ(m)) = 1 or q , we have that fixG(B)|B has order mqa for some
a  0 and every B ∈ B. Hence for every block B ∈ B and t | m a prime, we have that a Sylow
t-subgroup of fixG(B)|B is a Sylow t-subgroup of H |B . We conclude that a Sylow t-subgroup
of fixG(B) is a Sylow t-subgroup of H . Furthermore, as gcd(m, |G/B| ·ϕ(|G/B|)) = 1, we have
by Lemma 1.11 that a Sylow t-subgroup of H is a Sylow t-subgroup of G. Thus, as H is abelian,
for every prime t | m, the Sylow t-subgroup of G is unique and contained in H . This then im-
plies that a Sylow t-subgroup of G is contained in fixG(Ct ) (Ct is defined in the paragraph before
Lemma 3.2).
Let r | m be prime such that Er = C but each block of Er is a union of blocks of C. Let δr ∈
fixG(Cr ) be of order r . Let g ∈ fixG(C) such that |g| is a power of q . As the (i, j, k)-multipliers
of g are congruent to 1 (mod r), a straightforward computation will show that δ−1r gδr = g. Let
s | m be such that a prime r | s if and only if Er = C or Er = B. By Lemma 3.3, a prime r | (m/s)
only if Er = C and Er is a union of blocks of C. Let Q be a Sylow q-subgroup of fixG(C),
S = 〈Πt : Πt is a Sylow t-subgroup of H and t | s〉, and R the normal complement of S in H
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union of blocks of C. As a Sylow t-subgroup of G is contained in fixG(Ct ) for a prime t | m,
we have that R = 〈fixH (Cr ): r | (n/s) is prime〉. As if g ∈ fixG(C), the (i, j, k)-multiplier of g is
congruent to 1 (mod r), if ρ ∈ R, then ρ−1Qρ = Q. Note that Q is a Sylow q-subgroup of G
as well, and S 
 fixG(C). Then Q · S  fixG(C). As H 
 fixG(C) and fixG(C)/H is a q-group,
fixG(C) = Q ·H . Let g ∈ fixG(C) so that g =  ·h,  ∈ Q, h ∈ H . Let h = ρσ , ρ ∈ R, σ ∈ S. Then
g−1Qg = σ−1ρ−1−1Qρσ = σ−1Qσ . As S 
 fixG(C), gσ−1g−1 ∈ S so that σgσ−1g−1 ∈ S
and σgσ−1 ∈ Sg = gS. Hence σ−1Qσ Q · S and so g−1Q · Sg = σ−1Qσ · S = Q · S. Thus
Q ·S 
fixG(C). As fixG(C) is solvable, gcd(|Q ·S|, |R|) = 1 and fixG(C) = Q ·S ·R, we have that
Q · S is the unique subgroup of fixG(C) of order |Q · S|. Let g ∈ G. Then g−1Q · Sg  fixG(C)
and of course, |g−1Q · Sg| = |Q · S|. Thus Q · S 
 G, and G admits a complete block system F
formed by the orbits of Q · S.
Let O1 and O2 be orbits of Q · S such that O1 ⊂ C1 and O2 ⊂ C2, where C1,C2 ∈ C but
C1 = C2. Let Γ be an orbital digraph of G such that some vertex a of O1 is adjacent to some
vertex b of O2. By Lemma 1.15 applied to subgroups of S of maximal prime power order,
S|C G(2) for every C ∈ C. Hence a is adjacent to every vertex in the orbit of S that contains b.
By Lemma 3.4 there exists κ ∈ Q such that (κ|C1)/B = 1 but κ|C2/B is a q-cycle. We conclude
that a is adjacent to some vertex in every orbit of S contained in O2 and thus a is adjacent to
every vertex of O2. As Q · S G(2), we conclude that every vertex of O1 is adjacent to every
vertex of O2. Thus Q · S|C G(2) for every C ∈ C. The result then follows. 
Lemma 3.9. Let L  Sr be a transitive solvable group, where r is square-free. Let q be prime
such that gcd(q, r) = 1, and Cq the right regular representation of Zq . Let M 
 L be a minimal
normal subgroup of L, and let p be prime such that the orbits of M have length p. Then there
exists R  (L 	 Cq) such that R is transitive, solvable, and a minimal transitive subgroup of R
has orbits of length p.
Proof. As M 
L, L 	Cq admits a complete block system F of r/p blocks of length pq formed
by the orbits of 〈M,1Sr 	 Cq〉. Then 〈M,1Sr 	 Cq〉  fixL	Cq (F) and 〈M,1Sr 	 Cq〉|F ∼= Zp 	 Zq
for every F ∈ F . As Zp × Zq  Zp 	 Zq , we conclude that fixL	Cq (F)|F contains a regular
cyclic subgroup for every F ∈ F . Note that L admits a complete block system H formed by the
orbits of M . Identify L with Zr/p × Zp so that if δ ∈ M (so that δ has order p), then δ(i, j) =
(i, j + bi), where bi ∈ Zp . Then L 	 Cq acts on V ′ = Zn/p × Zp × Zq . Define γi,j :V ′ → V ′ by
γi,j (i
′, j ′, k) = (i′, j ′, k+1), if i = i′ and j = j ′ and γi,j (i′, j ′, k) = (i′, j ′, k) if i = i′ or j = j ′.
Clearly γi,j ∈ L 	 Cq for every i ∈ Zr/p and j ∈ Zp . If δ ∈ M , δ(i, j) = (i, j + bi), bi ∈ Zp ,
define δ¯ :V ′ → V ′ by δ¯(i, j, k) = (i, j + bi, k + 1). As γi,j ∈ L 	 Cq for every i ∈ Zr/p and
j ∈ Zp , δ¯ ∈ L 	 Cq for every δ ∈ M . Let S = 〈δ¯: δ ∈ M〉. Then S|F is a regular cyclic subgroup
for every F ∈ F . We remark that if NL	Cq (S) is transitive, then as gcd(p, q) = 1, fixNL	Cq (S)(F)
will have a normal p-subgroup and the result will follow. To finish the result, we show NL	Cq (S)
is transitive.
It was shown by Alspach and Parsons in [1] that any two regular cyclic subgroup of Zp 	 Zq
are conjugate in Zp 	 Zq . It is not then difficult to see that any two regular cyclic subgroups
of Zp 	 Zq must in fact be conjugate by an element of 1Sp 	 Zq . Let g ∈ L 	 Cq . Note that as
M 
L and 1SZr/p×Zp 	Cq 
L 	Cq , we have that g−1Sg M 	Cq . As 1SZr/p×Zp 	Cq  L 	Cq and
comments above, we have that there exists ω ∈ 1SZr/p×Zp 	 Cq such that ω−1g−1Sgω = S. Then
gω ∈ NL	Cq (S) and gω/F = g/F so that NL	Cq (S) is transitive. 
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abelian subgroup H whose orbits are of length m, where gcd(m,q) = 1. If the only normal
abelian subgroup of G/B has orbits of length q , then there exists G′ G(2) such that G′ contains
a normal abelian subgroup H ′ whose orbits are of length mp′, for some prime p′ | (n/(mq)), or
n/m = q .
Proof. By Lemma 3.3, we have that if r | m is prime, then either Er = B or each block E ∈ Er
is a union of blocks of C. By Lemma 3.4, we also have the union of the equivalence classes
of ≡ form the complete block system C′. By Lemma 3.5 we may assume that G satisfies (∗).
We now assume without loss of generality that if h ∈ fixG(2) (B) and 〈G,h〉 is solvable, then
h ∈ G. By Lemma 1.10, we may additionally assume that if r | |G/C| is prime, then r | (n/mq)
and if r | |G/B| is prime, then r | (n/m). By Lemma 3.6, we may assume that G satisfies (∗∗).
Repeatedly applying Lemma 3.7, we have that either there exists p′ | n/(qm) and Gˆ G such
that Gˆ is transitive and Gˆ/B contains a normal abelian subgroup whose orbits are of length p′
or if r | m is prime, Er = C and the blocks of Er are unions of blocks of C, then the (i, j, k)-
multiplier of every element of fix
Gˆ
(C) is congruent to 1 (mod r). If there exists p′ | n/(qm) and
GˆG such that Gˆ is transitive and Gˆ/B contains a normal abelian subgroup whose orbits are
of length p′, then as gcd(n,ϕ(n)) = q the result follows from Lemma 1.19. Thus we assume
that the (i, j, k)-multiplier of every element of fix
Gˆ
(C) is congruent to 1 (mod r) for every prime
r | m such that Er = C but each block of Er is a union of blocks of C. By Lemma 3.8, the
Sylow q-subgroup fix
(Gˆ)(2) (C)/B is isomorphic to 1Sn/(mq) 	 Cq and has order qn/(mq). Hence by
Lemma 3.9, there exists R  Gˆ/B such that R has a minimal normal subgroup whose orbits are
of length p′ if n/m = q . Let R′  Gˆ such that R′/B = R and G′ = 〈R′,fix
Gˆ
(B)〉. Then G′ is
transitive and G′/B = R. Thus G′/B has normal subgroup whose orbits are prime order p′ = q
and the result then follows from Lemma 1.19. 
4. The main results
Theorem 4.1. Let n be square-free such that gcd(n,ϕ(n)) = q , where q is prime. If G is a
transitive solvable group of degree n acting on Ω , then we may relabel the elements of Ω with
elements of V = {(i, j): i ∈ Zq, j ∈ Zn/q} such that there exists a transitive semimetacyclic
subgroup H G(2).
Proof. By Lemma 1.10, there exists some J G such that if p | |J |, then p | n. By Lemma 1.2,
a minimal normal subgroup of J is elementary abelian, and so it’s orbits are of prime length
as n is square-free. Let J  G(2) be a solvable transitive group such that J contains a normal
abelian subgroup L whose orbits are of maximum length m subject to the condition that if p | |J |,
then p | n. Such a J exists by the immediately preceding argument as G  G(2). We will first
show that either m = n or m = n/q . We argue by contradiction and thus assume that m = n and
m = n/q .
As L 
 J , J admits a complete block system B of n/m blocks of length m formed by the or-
bits of L. Then J/B is a solvable group, and so there exists K  J such that K/B is abelian and
K/B 
 J/B. Let p | |K/B| be prime, and Π a Sylow p-subgroup of K/B. As K/B is abelian,
Π 
K/B, and as n/m is square free, J/B admits a complete block system C′ of n/(mp) blocks
of length p formed by the orbits of Π . Hence J admits a complete block system C of n/(mp)
blocks of length mp induced by C′. If gcd(mp,ϕ(mp)) = 1, then it follows by Lemma 1.19
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whose orbits have length mp. If gcd(mp,ϕ(mp)) = q and q | m, then it follows by Lemma 2.3
that J (2)  G(2) contains a transitive solvable subgroup M with a normal abelian subgroup N
whose orbits have length mp. If gcd(mp,ϕ(mp)) = q and the only choice for p is q , then
by Lemma 3.10 J (2)  G(2) contains a transitive solvable subgroup M with normal abelian
subgroup N whose orbits have length mp′ for some prime p′ | (n/mq). Thus in every case,
J (2) G(2) contains a transitive solvable subgroup M with a normal abelian subgroup N whose
orbits have length larger than m. By Lemma 1.10, M contains a transitive solvable subgroup R
such that if p | |R|, then p | n. Note that according to the proof of Lemma 1.10, we then have
that if |M| = x · |R|, then gcd(x,n) = 1. As M is solvable, either R or some conjugate of R con-
tains N , so we assume without loss of generality that R contains N . This, however, contradicts
our choice of m. Thus m = n or m = n/q .
If m = n, then L is cyclic. The result is then obvious. If m = n/q , then by Lemma 1.18, we
may assume that L contains a semiregular element ρ of order m. Clearly we may label the ele-
ments of Ω with elements of V so that ρ(i, j) = (i, j + 1), and if τ ′ ∈ J such that |τ ′/B| = q
and |τ ′| = qa , q  1, then τ ′(i, j) = (i + 1, σi(j)), where each σi ∈ Sm. As L 〈ρ|B : B ∈ B〉,
we have that each σi ∈ N(m) so that σi(j) = αij + bi , αi ∈ Z∗m, bi ∈ Zm. Let τˆ :V → V by
τˆ (i, j) = (i + 1, αij). Note that τˆ normalizes L. Let W = 〈τˆ , ρ|B : B ∈ B〉. Note that τ ′ ∈ W
and |W | = qa · mq , a  1. Thus both 〈τ ′〉 and 〈τˆ 〉 are Sylow q-subgroups of W and so there
exists δ ∈ W (in fact δ ∈ 〈ρ|B : B ∈ B〉) such that δ−1〈τ ′〉δ = 〈τˆ 〉. As δ ∈ 〈ρ|B : B ∈ B〉,
δ commutes with ρ so that ρ ∈ δ−1Lδ. Thus H = 〈ρ, τˆ 〉  δ−1G(2)δ and the result follows
by [3, Exercise 1.6.1]. 
As a transitive semimetacyclic group is solvable, we have the following result.
Corollary 4.2. Let n be square-free such that gcd(n,ϕ(n)) = q , where q is prime. A vertex-
transitive graph Γ or order n is isomorphic to a semimetacirculant graph if and only Aut(Γ )
contains a transitive solvable subgroup.
Obviously, some semimetacirculant graphs are metacirculant graphs. The following result
gives sufficient conditions to ensure that a semimetacirculant graph is isomorphic to a metacir-
culant graph.
Definition 4.3. For prime numbers p and q , we define ψ(q,p) := a, where qa | (p − 1) but
qa+1  (p − 1).
Theorem 4.4. Let t be positive integer and q a prime such that qt is square-free. Let G be
a transitive (q, t)-semimetacyclic group with multipliers (α0, . . . , αq−1). Then G(2) contains a
transitive metacyclic subgroup if there do not exist primes p and r such that the following con-
ditions are true:
1. p | t and r | t ,
2. |∏q−1i=0 αi (mod p)| = qa , where ψ(q,p) = a > 0,
3. |∏q−1i=0 αi (mod r)| = qb , where 1 b < ψ(q, r).
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is prime, and |∏q−1i=0 αi | = qc with c < ψ(q,u) or c = ψ(q,u) = 0, then there exists δ ∈ SV
such that δ−1Gδ is a (q, t)-semimetacirculant group with multipliers (γ0, . . . , γs−1) and γi ≡
γj (mod u). We may thus assume for some i, j ∈ Zq , that αi ≡ αj (mod u). Clearly 〈ρ, τˆ 〉 admits
a complete block system Cu consisting of qt/u blocks of length u formed by the orbits of 〈ρt/u〉.
If αi ≡ αj (mod u) for some i, j ∈ Zq , then a Sylow u-subgroup of fix〈ρ,τˆ 〉(Cu) has order at
least u2. Clearly a Sylow u-subgroup of fix〈ρ,τˆ 〉(Cu) is contained in 〈ρt/u|B : B ∈ B〉, where B is
the complete block system of 〈ρ, τˆ 〉 formed by the orbits of 〈ρ〉. We conclude by Lemma 1.15
that a Sylow u-subgroup of fix(〈ρ,τˆ 〉)(2) (Cu) is 〈ρt/u|B : B ∈ B〉. For each i ∈ Zq , let βi ∈ Z∗t such
that βi ≡ α−1i−1 (mod u) and βi ≡ 1 (mod t/u). Let αu ∈ Z∗u such that |αu| = qc+1 if c < ψ(q,u)
or |αu| = 1 if ψ(q,u) = 0. Let α¯u ∈ Zt be such that α¯u ≡ αu (mod u) and α¯u ≡ 1 (mod t/u).
Define δ :V → V by δ(i, j) = (i, α¯−iu
∏i
k=1 β
−1
k j). A straightforward computation will show
that δ−1τˆ δ(i, j) = (i + 1, γij), γi ∈ Z∗n/q , where γk ≡ γ (mod u) for every k,  ∈ Zq (in fact,
each γk ≡ α¯u (mod n)). Furthermore, as 〈ρt/u|B : B ∈ B〉  G(2), we have that δ normalizes
〈ρ,ρt/u|B : B ∈ B〉. Thus ρ ∈ δ−1G(2)δ. Replacing G with δ−1Gδ, we may thus assume without
loss of generality that if u | t is prime, and |∏q−1i=0 αi (mod u)| = qc with c < ψ(q,u) or c =
ψ(q,u) = 0, then αk ≡ α (mod u) for every k,  ∈ Zq . Thus either the result follows or there
exists a prime p | t such that |∏q−1i=0 αi (mod p)| = qa , where ψ(q,p) = a > 0.
Let π = {r | t : r is prime and |∏q−1i=0 αi (mod r)| = qb, where each b  1}. Assume
that for every r ∈ π we have that |∏q−1i=0 αi (mod r)| = qar , where ψ(q, r) = ar > 0. Then
αk ≡ α (mod r). As above, we then have that 〈ρt/r |B : B ∈ B〉 G(2). Let v =∏r∈π r . Then〈ρt/v|B : B ∈ B〉G(2). Denote the complete block system of 〈ρ, τˆ 〉 consisting of qt/v blocks of
length v formed by the orbits of 〈ρt/v〉 by C. As |τˆ | is a power of q , and for every r ∈ π we have
that |∏q−1i=0 αi (mod r)| = qar , where ψ(q, r) = ar > 0, it follows that τˆ q ∈ fix〈ρ,τˆ 〉(C). Further-
more, as 〈ρt/v|B : B ∈ B〉 G(2), we have that τˆ q |B ∈ G(2) for every B ∈ B. Let τ ′ = τˆ τˆ−q |B
for any B ∈ B. Then τ ′(i, j) = (i + 1, βij), βi ∈ Z∗t , and
∏q−1
i=0 βi ≡ 1 (mod r) for every r ∈ π .
It then follows by arguments in the first paragraph of this proof we may assume without loss
of generality that αi ≡ αj (mod r) for every i, j ∈ Zq and r ∈ Πs . Then by arguments above,
〈ρ, τ ′〉(2) contains a transitive metacyclic subgroup, a contradiction. 
Corollary 4.5. Let n be a positive square-free integer such that gcd(n,ϕ(n)) = q , for some
prime q and if p | n is prime, then q2  (p − 1). A 2-closed group G of degree n contains a
regular subgroup if and only if G contains a transitive solvable subgroup.
Proof. It is a classical result that every regular group of square-free order is metacyclic [11,
Corollary 9.4.1]. Conversely, it follows by Theorem 4.1 that we may relabel the set upon which
G acts with elements of V = Zq × Zn/q so that if ρ, τˆ :V → V by ρ(i, j) = (i, j + 1) and
τ(i + 1, αij), αi ∈ Z∗n/q , then 〈ρ, τˆ 〉G(2). As q2  (p − 1) for any p | n, by Theorem 4.4 we
may assume that αi ≡ αj (mod n/q) for every i, j ∈ Zq . Then either 〈ρ, τˆ 〉 ∼= Zn or 〈ρ, τˆ 〉 ∼=
Zq  Zn/q and is regular. 
Corollary 4.6. Let n be a positive square-free integer such that gcd(n,ϕ(n)) = q , for some
prime q and if p | n is prime, then q2  (p− 1). A vertex-transitive graph Γ of order n is isomor-
phic to a Cayley graph of order n if and only if Aut(Γ ) contains a transitive solvable subgroup.
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transitive solvable subgroup. Indeed, it is not even known which primitive groups contain transi-
tive solvable subgroups, although it is known which primitive groups contain a transitive abelian
subgroup [15]. In [8], the author and D. Marušicˇ will at least begin to study this question for
groups of square-free degree.
Corollary 4.7. Let n be a positive square-free integer such that gcd(n,ϕ(n)) = q , for some
prime q and there exists exactly one prime p | n such that q | (p − 1). A 2-closed group G of
degree n contains a transitive metacyclic subgroup if and only if G contains a transitive solvable
subgroup.
Proof. Every transitive metacyclic subgroup is clearly solvable. Conversely, it follows by Theo-
rem 4.1 that we may relabel the set upon which G acts with elements of V = Zq × Zn/q so that
if ρ, τ :V → V by ρ(i, j) = (i, j + 1) and τˆ (i + 1, αij), αi ∈ Z∗n/q , then 〈ρ, τˆ 〉G(2). As there
is only one prime p such that q | (p − 1), the result follows from Theorem 4.4. 
Corollary 4.8. Let n be a positive integer such that gcd(n,ϕ(n)) = q , for some prime q , and
there exists exactly one prime p | n such that q | (p − 1). A vertex-transitive graph of order n
is isomorphic to a metacirculant graph of order n if and only if Aut(Γ ) contains a transitive
solvable subgroup.
Remark 4.9. We remark that in the previous two results, any power of q may divide p − 1. Of
course, if q2 | (p − 1), then a transitive metacyclic group need not be regular.
We would like to make two conjectures.
Conjecture 4.10. Let n be square-free such that there do not exist primes p,q, r that divide n,
p divides q − 1, and q divides r − 1. A transitive 2-closed group G of degree n contains a
semimetacyclic subgroup if and only G contains a transitive solvable subgroup.
The truth of the preceding conjecture will imply the following conjecture.
Conjecture 4.11. Let n be square-free such that there exists a unique prime p such that whenever
r divides both n and ϕ(n), then r divides p− 1. Additionally, assume that if q divides n is prime,
then q2  (p − 1). A vertex-transitive graph Γ of order n is isomorphic to a Cayley graph of
order n if and only if Aut(Γ ) contains a transitive solvable subgroup.
We finish by showing that (q,pr)-semimetacirculant graphs that are not isomorphic to
metacirculant graphs of order pqr exist. We remark that as our intention is simply to show
existence, we choose special values of q , p, and r to simplify the proof.
Theorem 4.12. Let q > 2 be a prime and p, r primes such that ψ(q, r) = c  2, ψ(q,p) =
a > 0, qr < p, and gcd(pr,ϕ(pr)) = 1. Let β ∈ Z∗r such that |β| = qc and α ∈ Z∗p such that
|α| = qa . Let δ ∈ Z∗pq such that δ ≡ α (mod p), and δ ≡ βq (mod r). Let S ⊂ Z∗pr be a nonsingle-
ton orbit of the function f :Zpr → Zpr defined by f (i) = −δi. Choose α0, . . . , αq−1 ∈ Z∗ suchqr
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and
E(Γ ) = {γ ((i, j), (i, )), γ ((i,0), (i + 1,0)): j −  ∈ S and γ ∈ 〈ρ, τˆ 〉}.
Then Γ is isomorphic to a (q,pr)-semimetacirculant graph but Γ is not isomorphic to a metacir-
culant graph of order pqr .
Proof. Suppose for the moment that G  Aut(Γ ) is metacyclic, with Γ isomorphic to say,
an (r,pq)-metacirculant graph but not a (q,pr)-metacirculant graph. Then G cannot be
cyclic and so r must divide ϕ(pq) = ϕ(p)ϕ(q). Then r divides ϕ(p) or r divides ϕ(q). As
gcd(pr,ϕ(pr)) = 1, r  ϕ(p), while if r | ϕ(q), then r < q . However, as ψ(q, r) = c  2, we
have that q | (r − 1) so that r > q . Hence Γ is not isomorphic to an (r,pq)-metacirculant graph.
Similar arguments will show that every metacirculant graph with the choices of p,q , and r as
above, is isomorphic to a (q,pr)-metacirculant graph. It thus suffice to show that Γ is not iso-
morphic to a (q,pr)-metacirculant graph.
By definition 〈ρ, τˆ 〉  Aut(Γ ), and as ψ(q,p) = a and ∏q−1i=0 αi = δ, we must have that
there exists i, j ∈ Zq such that αi = αj (in fact, αi ≡ αj (mod p)). Thus Γ is a (q,pr)-
semimetacirculant graph and 〈ρ, τˆ 〉 is not metacyclic. Note that 〈ρ, τˆ 〉 admits a complete block
system B of q blocks of length pr formed by the orbits of 〈ρ〉. Then Γ [B] is canonically isomor-
phic to a circulant graph Γpr of order pr with connection set S for every B ∈ B. It is then straight-
forward using [14, Theorem 3.3] or [7, Theorem 3.1] to show that Aut(Γpr) = 〈(Zpq)L,f 〉. It is
equally straightforward to see that Γ is not isomorphic to the wreath product of a circulant graph
of order p over Γpr . Finally, observe that as αi ≡ αj (mod p) for some i, j ∈ Zq , we have that
ρr |B ∈ Aut(Γ ) for every B ∈ B.
Suppose 〈ρ˜, τ˜ 〉 Aut(Γ ) and 〈ρ˜, τ˜ 〉 is transitive and metacyclic with |ρ˜| = pr , 〈ρ˜〉 
 〈ρ˜, τ˜ 〉
and τ˜−1ρ˜τ˜ = ρ˜γ . As q < r , qr < p and gcd(qr,ϕ(qr)) = 1, it follows by arguments analo-
gous to those in [6, Lemmas 6 and 9] that there exists ω ∈ Aut(Γ ) such that ω−1ρ˜ω|B ∈ 〈ρ〉|B
for every B ∈ B and ω−1τ˜ω/B ∈ 〈τ 〉/B. We may thus assume without loss of generality that
ρ˜(i, j) = (i, j + ai) and τ˜ (i, j) = (i + 1, βij + bi), bi ∈ Zpr , and ai, βi ∈ Z∗pr for every i ∈ Zq .
As Γ is not isomorphic to the wreath product of a circulant graph of order q over Γpr and
ρr |B ∈ Aut(Γ ) for every B ∈ B, we must have that ai ≡ aj (mod r) and βi ≡ βj (mod r) for
every i, j ∈ Zq . Furthermore, τ˜ q |B ∈ Aut(Γpr) for every B ∈ B so that ∏q−1i=0 βi ∈ 〈−δ〉. As
ψ(q,p) = a, |α| = qa , δ ≡ α (mod p), and 〈ρ˜, τ˜ 〉 is metacyclic, we must in fact have that
∏q−1
i=0 βi ∈ 〈−δq〉. Similarly, τ−1τ˜ /B = 1 so that τ−1τ˜ |B ∈ Aut(Γpr) for every B ∈ B. We con-
clude that α−1i βi ∈ 〈−δ〉 so that βi = αi(−δ)xi for some positive integer xi . Let x =
∑q−1
i=0 xi .
As
∏q−1
i=0 αi = δ, we have that
∏q−1
i=0 βi = (−1)xδx+1 ∈ 〈−δq〉 so that x + 1 ≡ 0 (mod q).
Thus x ≡ −1 (mod q). However, as βi ≡ βj (mod r) for all i, j ∈ Zq , we must also have that
xi ≡ xj (mod q) for all i, j . Whence x ≡ 0 (mod q), a contradiction. Thus Γ is not isomorphic
to a (q,pr)-metacirculant graph as required. 
Note that q = 3, r = 19, and p = 61, for example, satisfy the hypothesis of Theorem 4.12.
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